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ABSTRACT 
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B 
I 
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l B  c 

A model is established for the continuum flow of a multicomporient 

sys t em of gases  and their.condensed phases .  The general  conservation equatior,s 

governing the behavior of the gases  and condensed phases  a r e  derived. 

heat conductivity, diffusion and production of spec ies  by chemical react ions a r e  

Viscosi t ) ,  

included in  the development. Non-equilibrium phenomena associated w i t h  the 

presence  of condensed phases  is  discussed in some detail.  

P re l imina ry  application to the high altitude hydrogen dumping process  

is made  in  an analysis  and numerical  calculation on a chemically f rozen  

(diffusion controlled) ax isymmetr ic  je t  in phase equilibrium. w 
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GENERALIZED VISCOUS MULTICOMPONENT - 

MULTIPHASE FLOW WITH APPLICATION TO 

LAMINAR AND TURBULENT JETS O F  HYDROGEN 

BY 

Raymond Edelman 
Harold Rosenbaum 

Simon Slutzky 

I. INTRODUCTION 

The dumping of combustibles overboard f r o m  stages of boost 

vehicles c rea t e s  s eve ra l  problems of potential importance.  

sur face  heating, and induced pressure  fo rces  acting on the mis s i l e  su r face  are  

possible consequences of the dumping process .  

owing to  the combined effects of finite rate chemis t ry  and je t  boundary lzy-er 

interaction with the external flow. 

under conditions simulating launch t ra jec tor ies  a r e  developed and discussf-:d 

in Ref. (1,  2 ,  3,  4). 

The comhiistiori, 

The problem is qui te  complex 

Investigations involving gaseous corxbus7;it)ie'; 

Common to these  investigations is that  the various spec ies  urert. 

However, when cryogenic hydrogen i s  the fuel  p resent  in the gas  phase only. 

under consideration, it becomes necessary  to  consider the possibility of two 

phase flow. In fact ,  a typical state in the hydrogen fuel tank consis ts  of 

sa tura ted  liquid hydrogen at approximately 20 K ( p * 1 atm). Thus, at h igh  

alt i tudes,  say  of the o r d e r  of 200,000 feet ,  it is possible to  expand the 

hydrogen into the  solid-vapor region, 

0 

Fur the rmore ,  if the  expansion is 1;zarly- 
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i entropic f rom 40 to  80% of th hydr Ken can be i n  the E 

L 

lid phase (where  

T wlOoK ) depending on whether vapor o r  liquid is bled from the tank. It is c ! t . t ~ ,  

therefore ,  that  the subsequent mixing with the surrounding a i r  can lead to con7de::- 

sation of the air. 

of the components of air and hydrogen each occuring in  two-phases. 

In general  then, we can expect the flow field to be comprised 

The problem of accounting for  the effects due to the presence  of 

condensed spec ies  can be divided into two pa r t s :  (1) development of the consec- 

vation equations for  the flow field and (2) determination of constitutive relations 

f o r  the t r ans fe r  of mass, momentum, and energy between the phases.  The first 

par t  involves the description of the conservation of massJ momentum, and energy 

f o r  the g a s  phase and the condensed phase sys tems.  

the description of the dynamic and thermodynamic interactiona between the g a s  

The second par t  involveE 

and condensed phase sy r t ems .  

tion of velocity differences between the phases  (dynamic non-equilibrium) , tcnip ' - -  

a ture  differences ( the rma l  non-equilibrium), and mass t r ans fe r  between the 

phases  (non-equilibrium phase changes). This  la t te r  process comes  under the  

heading of condensation- evaporation kinetics.  

In general ,  the  second par t  involves the  dencrip- 

The purpose of the present r epor t  i e  to provide a model f rom whic.1~ 

a sys t em of governing equations may be deduced and to  indicate constitutive 

relat ione which may  be used to account fo r  the interaction phenomena. 

the rcoul t r  of the analyeis are applied to epecial  c a s e s  which a r e  of present  

in te r  e st. 

Finall)-. 

The authors  gratefully acknowledge the useful discussions with 

Dr. Vito Agosta of the Polytechnic Inrrtitute of Brooklyn and M r .  Andrew Pourill# 

of Y a l e  University ae well a s  the numerical calculationa c a r r i e d  out by 

M r .  David Sol1 and the IBM 709 program writ ten by Mr. J a y  Hoffman. 
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11. ANALYSIS 

In establishing a model for  the present  coniplex flow sy-stem ir; 

becomes necessa ry  to make certain assumptions.  These  assumptions a ~ e ,  ic 

general ,  made  in r ega rd  to the nature of the condensed phase sys tem.  

bas ic  assumptions a r e  discussed below. 

‘ Ihe  

(1)  

liquid par t ic les .  

launch experience and wind tunnel studies relating to condensation of vdr ious  

gases  (5).  

(2) droplet-droplet  interaction is negligible. That i s ,  the condensed phas 2 i . ~ .  

assumed to  form a dilute suspension in the gas  phase. 

( 3 )  the  volume occupied by the condensed phase i s  negligible. 

a s ta tement  of the fact that  the  m a s s  density of a condensed spec ies  i s  much 

g r e a t e r  than the m a s s  density of its vapor. 

(4) random motion of the par t ic les  of condensed phase is assumed negllb-b’c. 

That  is, p r e s s u r e ,  t empera ture  and t r anspor t  p roper t ies  associated with r : 3 * i r l : i 1 - l  

motion a r e  considered negligible compared with those of the gas  phase. 

validity of th i s  assumption r e s t s  on the condition that the par t ic le  s i ze  be 1arCc:r 

than that  of the molecules in the gas phase. 

(5 )  thermal radiation is neglected, 

concerned implies  that  thermal  radiation will be negligible. 

(6) 

The condensed phase i s  in the form of a cloud of solid o r  

This  assumption is m o r e  of a statement of fact evidenced b;g 

Th is  is rnf>rc.ly 

‘ T h e  

The low t empera tu re  with which we a r e  

each droplet  has  a uniform tempera ture  at any instant.  That is, conduction 

(and convection within the droplet  in 

genera l ,  droplet  s i ze s  will be  small 

the case  of liquid droplets)  is negligible. 

enough to  render  this  assumption valid. 

I ,  
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( 7 )  we shall  assume that the s ta te  of the vapor at  the droplet  surface corresiio: ds 

I to the droplet t empera ture  and velocity. This assumption is made in  order to i 

provide a means  of systematically accounting for  the condensed phase-gas  phase  

interactions.  

(8) surface energy, gravity and electric charge effects an neglected. 

In general ,  the approach will be to develop a sys tem of governing 

equations which will descr ibe  the  behavior of the  gas  phase globally and the 

condensed species  individually. 

multicomponent diffusing system with chemical react ions in  the way previously 

Th i s  pe rmi t s  the gases  to be t r ea t ed  as a 

developed f o r  gaseous sys tems ( s e e  e. g. Ref. 6 ) .  

condensed species  a r e  t r ea t ed  individually so that  the m a s s ,  momentum, a n d  

On the other  hand, tlie 

thermal  interactions can be handled in  t e r m s  of the best  available information 

f o r  flow about bodies under the conditions which can prevail  in the present  inves- 

tigation. A discucsicr  

Of these  relat ions will be taken up after the general  conservations equations a r e  

We r e f e r  to these relations as the constitutive relat ions.  

derived. 

In accordance with assumption ( 7 ) ,  each droplet  may be thought to 

have a f i lm of vapor surrounding it. 

a r e  brought f rom the gas-phase values to  the values at  the droplet  surface.  

Within th i s  film, velocity and temperaturc:  

S i ~ c c  

the  f i lm  is vapor, it is aesociated with the g a s  phase but is considered to con.ii!in 

negligible maee.  

and energy f r o m  thepar t ic les  is equal to the instantaneous gain of m a s s ,  

This  implies  that the instantaneous flow of m a s s ,  mornentu-?? 

momentum and energy by the g a s  phaee. Thus, the fi lm is the source  of i r r eve r - .  

s ible  entropy production due to the non-equilibrium t r ans fe r  of m a s s ,  rrlomentum L i i T d  



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 

7 

energy between the ph%ses, It must be  noted that the mass t r ans fe r  which is 

due to  evaporation and condensation h a s  an associated momentum and energy 

t ransfer .  

velocity and tempera ture  differences, respectively. Le t  us  consider this p9ii-iL 

in  m o r e  detail  as follows. 

influence of the condensed pahse o n  the flow field m a y  be  constructed in  t e r m s  

of the interactions associated with a single par t ic le  and its surroundings 

multiplied by a local number density of droplets  in  the elemental  volume of 

mixture .  

single droplets in an infinite fluid. 

These  a r e  in addition to the momentum and energy t r a n s f e r s  due to  

In the f i rs t  place, assumption ( 2 )  implies  thdt the 

This  pe rmi t s  the use  of available information for  the interaction of 

Fu r the r ,  the introduction of the local nu i rAt , , -  

density "smears"  out the actual discrete  nature  of droplet  sys tem.  

of th i s  is to  predict  a local,  as well as overal l ,  average  effect of the droplets 

Tfic : C, - s i [  

on the flow field. W e  consider f i rs t ,  the mass, momentum and energy t r a n s f e r s  

with the evaporation and condensation process .  

M a s s  Transfer :  

uni la teral  evaporation r a t e ,  & , and a unilateral  condensation r a t e .  

r e su l t  of the two unilateral  r a t e s  is  the evaporation r a t e .  

The p rocess  of evaporation is composed of a simultaneous 

Thc. net  
V 

Thus,  we have: 

Clearly,  i f  th is  difference is negative we have condensation and if i t  is z e r z  

t h e r e  is, in  effect, no phase change. 



I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
.I 
I t  

I 
I 
I 
I 
I 
I 
I 

I 
t ;  

Momentum: The droplet loses  momentum at a r a t e  equal to  6 

simultaneously gains momentum at a r a t e  equal t o  6 V . This is i n  accordance 

V 
V P  - 

and 

1 D  

with the condition that at the interface the vapor and droplet  have the s a m e  

velocity V Thus, the net l o s s  of droplet  momentum is given by: 
2' 

2 

This r ep resen t s  a gain in g a s  phase momentum due to  evaporation. 

Energy: The droplet  energy l o s s  associated with the unilateral  evaporation r a t e  

if3 composed of condensed phase enthalpy, kinetic energy, and the heat of vapor- 

ization. 

r a t e  is compoeed of the vapor enthalpy and kinetic energy evaluated at the i n t e r f i c c  

state. 

The gain of droplet energy associated with the unilateral  condensation 

Thus,  the net loss of droplet energy is given by: 

3 

Note that  the droplet  gives up the h e a t  of vaporization and gains  the heat  of 

condensation where: 
* 

In addition, the in te r face  move8 in  accordance with the rate of evaporation of 

the droplet .  This  rerrulte in  a work t r a n s f e r  given by: 

4 I 

5 I 



... 
I 

I 
I 
I 
I 
I 

I 
I 
I 
I 
I 
I 

I 
I 

where,  

* interface p re s su re  PP 

S,i. droplet  density 

&p 

s i  r a t e  of increase in g a s  phase volume due to droplet  

evaporation 

Since, in  general ,  

compared with that given by Eq. 3. 

L * pp/81 , the energy associated with Eq. 5 i s  negligihle 

It has  been pointed out that  in addition to  m a s s ,  momentum, a d  

energy t r a n s f e r s  aseociated with evaporation, t he re  exist  dynamic and therrrltrl 

in teract ions in virtue of the velocity and t empera tu re  non-equilibrium be twet - ,  

the phases ,  respectively.  These  a r e  discussed,  in o r d e r ,  in the following. 

Drag F o r c e  : 

The drag  fo rce  conetitutes a momentum interchange between t h e  

We shall  a8sume that this f o r c e  is purely a viscous phenomenon a n d  phases.  

depends only on the velocity difference, i b  e .  : 

fp 6 

a 

Additional fo rces  q d e t  but can be shown to be, in  general ,  of higher o r d e r  ( R e f .  i). 

Therma l  Inter  action: 

This  t he rma l  interaction which is dependent on the t empera tu re  

d i f fe rence  between the phases  is merely  a statement  of convective heat t r a n s f e r .  



8 

This precludes the existence of radiation heat t r ans fe r  in  accordance with 

assumption (5). This  convective heat t r ans fe r  is expressed  by: 

In constructing the conservation equations, we shal l  consider the 

existence of chemical reactions and a s sume  that these take place in the gas 

phase. 

Cons e r vation Equation s : 

In consideration of the above discussion, we a r e  now in position to 

wri te  down the conservation equations in a systematic  manner .  

In o r d e r  to maintain generality, we consider i gaseous species  

and i condensed spec ies  i.e. each component can exis t  in each phase. W e  

consider each condensed spec ies  individually. 

of the condensed phase is discussed in  a la te r  section dealing with phase equilibritm: 

The implication of this  t rea tn iec l  

of multicomponent sys t ems  but does not influence the following development. 

Continuitv of Mass :  

For the  ith aaseoua s ~ e c i e e :  

Where, 

&:, = O  
b 

E Net production of g a s  phase mass due to  
evaporation L 

z c (6:; t q) 3 0 
L 



m 

F o r  the ith condensed spec ies :  

In o r d e r  that  the species  in  the  gaseous phase m a y  be t r ea t ed  i n  the usual 

manner  we introduce the following barycentr ic  ( m a s s  mean) quantit ies:  

I 
I 

!I 
and 

where we fu r the r  introduce the gas phase mass f ract ions given by: 

where,  

Introducing the definitions 10 - 13 into Eq. 8 gives:  

i l  

i 2  
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which is the "species  conservationlf equation f o r  the ith gaseous species .  

Eq. 15 is  summed over  all i gaseous species ,  noting Eq. 14, we g e t  the "g1oba.i 

If 

continuity" equation for the gaseous system: 

i o  

In applying the present  analysis it will be convenient to introduce 

a variable f o r  the condensed phase mass f ract ions defined by: 

where 

and 

x p ;  = + 

fr = f p ;  
L 

Thus, Eq. 9 for  the continuity oA mass for t..e 

phase: 

th 

I', 

spec ies  of the condensed 

3 I7 
1 u  
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Momentum : 

The global gas-phaee momentum equation may b e  writ ten: 

2 i  

, reads ,  "the fo rce  of all ?&v; 
where the summation notation, 

j par t ic les  acting on the ith gas  species summed over  all i gas  species". 

terms of the barycentr ic  quantities Eq. 21  with the aid of Eq. 16 becomes:  

In 

The ith condensed-phase momentum equation is given by 

which with the aid of Eq. 19 may  be written: 

22 

I 
I 

Energy: 

The combined gas-phase energy equation in t e r m s  of the barycent r ic  

quantit ies is given by: 
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the ith condensed-phase energy equation is given by: 

26 I 

SUMMARY OF CONSERVATION EQUATIONS: 

The equations developed, as initially proposed, govern the mean 

mass flow field of the gar -phase  and the individual flow behavior of the condensed. 

phase. 

B e t  of working relations.  

a11 spec ies  in all phases. 

It is also of interert to consider the "mixture" equations as a possible 

These  equations a r e  obtained by mere ly  summing over  

The resulting equations a r e  l is ted below. 

Continuity of M a s s :  

M ixtur e : 

ith condensed phase: 

ith gas  phase: 

-, - 
L A ,  I 

2 3  I 
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M om e nt urn 

Mixture : 

ith condensed phase: 

3 c; ., 
J G  

30b I 

31 

Energy 

Mixture  : 

or  

i th condensed phase: 

321s I 

3 3  
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The above relat ions,  27, 28, 2 9 ,  30a o r  b, 3 1, 32a or  b and 3 3  constitute 

seven, 7 ,  par t ia l  differential  equations for  the nine, 9, unknowns 

The additional re la t ions a r e  supplied by Eq.'s of s ta te :  

We note that th i s  discussion assumes knowledge of the dependence of q , 7 

and j 

UP in  the next section where similar re la t ions for gas-phase condensed phase 

-Ai -g- 
on the above var iables .  The discussion of t hese  relat ions is taken 

vi - 

interact ions are discussed.  

., .. 
. I , ,  
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III. CONSTITUTIVE RELATIONS FOR THE RATE PHENOMENA 

In o rde r  to  complete the necessa ry  set  of governing equations w e  

must supply relations f o r  fi , bi , W , 3 ,  T8 , and j . There  exis ts  110 - . vi vi 

available theory fo r  the dekcription of the above six r a t e  pa rame te r s  occuring 

simultaneously. The kinetics of condensation and evaporation i tself  is not 

fully understood and f o r m s  the basis for  many cur ren t  investigations (Ref.  8). 

The problem of nucleation, condensation and evaporation, f rom both molecular  

and macroscopic  approaches is reviewed extensively in  Ref .  5. On the bas i s  of 

available information it has been suggested that a semi-empir ica l  approach would 

be the most  f rui t ful  direct ion to adopt in the present  complex problem. 
:% 

L 

* The authors  would l ike to thank M r .  Andrew Pouring of Y a l e  U n i v e r s i t y  f o r  
the informative discussions on the kinetics of condensation and evapora'' LlOR 1 
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Drag F o r c e  ( f 

depends on the velocity difference. In t e r m s  of a drag coefficient, C , the 

) We have indicated ( s e e  Eq. 6 )  that the drag force  on a particie 
Pi - 

Di 
f o r c e  on a single droplet in  the condensed phase is given by: 

, 

37a 

This  discription assumes  that all particles associated with the local number 

concentration, N , have the s a m e  average s ize .  

moved by introducing an appropriate s ize  distribution law (Ref.  9). 

would then be determined for  each s ize  group within the local number concentra- 

This  res t r ic t ion  m a y  be r e -  
Pi 

A C& 

tion. 

of mixture  and is given by: 

Equation 37a may be rewritten to provide the total force  per  unit volumf? 

3.7 1.j 

In application, we shall  assume that the droplets  a r e  spherical  i n  shape SO that 

Eq. 37b may be written: 

If the flow is in  the Stokes reg ime then: 

’7 
3 ! C  

38 
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i i  

and w e  get: 

39 

Thus, Eq. 39 o r ,  in  general ,  Eq. 37c m a y  be used to  account for the  d r a g  force 

between the gas  phase and condensed phase.  

Heat T r a n s f e r ( h  

phase depends on the tempera ture  difference and can be expressed  in  terms of 

Newton’s Law of Cooling. 

) : The heat  t ransfer  between the g a s  phase and condensed 
P i  

In t e rms  a heat  t r ans fe r  coefficient, th i s  is given  by: 

4 (i <l. 

Thus,  the  heat  t r ane fe red  per unit volume of mixture  to  the ith condensed specie:; 

is given by: 

and f o r  spher ica l  par t ic les  we get: 
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The coefficient X 

the fact  that  this  diffusing vapor is heated in  flowing away from the droplet .  

following development for  A 

is dependent on the r a t e  of evaporation, W i vi 
, in  vir tue of 

The 

is based on the work in Ref’s  10 and 11. 
i 

We assume that the heat  and mass t r ans fe r  f r o m  the droplet  is a 

quasi-steady process .  

C 

single droplet  i n  the  i 

The conduction term is modified by a correct ion fac tor ,  

, to  account for  convective heat t r a n s f e r .  Thus,  the hea t  t ransfered  to a 
E 

th 
condensed phase is given by: 

In vir tue of the quasi-steady assumption, Eq. 4 1  may be integrated f r o m  

r = r to  r = 00 t o  give: 
P 

Now, we note that  as Wv 3 0 the  t e r m  in  the bracke ts  approaches unity, i. e .  
i 

and we get:  

I .  

44 
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: 

0 

The usual definition of the film coefficient is given by: 

so that  by comparison we get: 

Therefore ,  returning to Eq. 42, we may write:  

L 

4rr rp; 

L J 

so that  by Eq. 40c, we have: 

1 

. - -  . ,  
-1 I 

49 



Correlat ions exist  for  h for evaporating droplets .  Ref. 10 gives:  
Hi 

50 

Equation 50 can be considered the best  available correlat ion under a specified 

range of conditions. 

Prandt l  and Reynolds No's. for  the following range of conditions: 

For  example, Eq. 50 co r re l a t e s  the Nusselt  No. with the 

0 < Re < 200 

80°F < T, < 

hydrocarbons evaporating into air. 

s e v e r e  conditionR which may  exist in the p re sen t  problem mus t  be per formed 

with repervation. 

flow f ie ld  a r e  re ta ined when correlations of this kind a r e  applied. 

400°F, for  droplets  of water ,  and var ious 

The re fo re ,  the application of Eq. 50 to  the 

It will be assumed that in any case,  the  bagic feature6 of the: 

M a s @  Trans fe r :  The analogy between the t r a n s f e r  of heat  and mass pe rmi t s  US 

to expreps the evaporation r a t e  in manner  which para1lai.s the development f o r  

the hea t  t r ans fe r .  Thus,  we define a film coefficient for  mass t r ans fe r ,  h 

Such that:  
Di 

51 
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In virtue of the s imilar i ty  between heat and mass t r ans fe r  when they occur  in  

separa te  flow fields,  we may expect a correlat ion for  h similar to that for  
4 

hH . Ref. 10 gives:  
i 

52 

where the Schmidt No. rep laces  the Prandt l  No. in Eq. 50 for  the heat  t r ans fe r  

coefficient . 
It should be noted that Eq. 51 cannot predict  the onset of conden- 

sation. 

(1) foreigh impur i t ies  which m a y  be in  the fo rm of previously condensed substances 

and (2 )  c lue ters  of molecules  formed of the epeciee under consideration. 

only nuclei of the second kind are present  the situation i n  re fe red  to  as se l f -  

nucleation. 

the droplet  continues to grow. 

droplet  s i ze  and for rubeequent droplet growth a r e  given in  Ref. 5 and 12 .  

re la t ione depend on knowledge of surface tension(or  surface f r e e  energy in the 

caee of solido) for which l i t t le is known part icular ly  at the low t empera tu res  of 

preeent  interest .  

and non-equilibrium condensation on the grounds that the  mixing p rocess  of 

p re sen t  in te rce t  will probably tend to be in thermodynamic equilibrium. 

basis f o r  thio assumption r e s t s  on the fac t  t h e  mixing region is boundary h y e r  

l ike and the re fo re  is not subjected to  strong s t reamwise  t empera tu re  gradients.  

The onset of condensation, o r  nucleation depends on the p re sence  of 

When 

In ei ther  case,  t he re  is a c r i t i ca l  nucleu8 s i ze  requi red  above which 

Approximate microscropic  analysis f o r  cr i t ical  

These  

W e  will purposely delay apecific analysis  relating to  nucleation 

The 
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The departure  f rom phase equilibrium in supersonic and hypersonic wind 

tunnels depends on the existence of severe  s t reamwise  tempera ture  gradients 

(Ref. 8). 

section IV. 

A di-scussion of multicomponent phase equilibrium i s  given in 

Viscous S t r e s s :  

and energy due to random motion is l imited to the g a s  phase. 

t ensor  is given by: 

In virtue of assumption (4) the t ranspor t  of m a s s ,  momentum 

The p r e s s u r e  

- = viscous s t r e s s  tensor  where,  rS - 
we take the usual Newtonian description f o r 3  given by: - 

5 3  

54 

where p 

ed in  t e r m s  of the gas  concentrations of each of the spec ies  by (Ref. 13) 

is the absolute viscosity of the gas  phase mixture  and can be represent -  
g 

55 
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where,  

~ 

2 3  

56 

- J  L 

- - A;' ($?' 5 7  

Heat Conduction: 

f r o m  the random motion of the gas phase.  

Thermal  conductivity, a s  in the case  of viscosity, der ives  

Assuming F o u r i e r ' s  Law, we have: 

where k is the thermal  conductivity of the gas  phase mixture .  
g: 

. 58 ~ 

Diffusion: 

diffusion occur8 only in the gas-phase. 

diffusion of the gaseous species  which i a  given by: 

Here ,  as in the deacription of viscosity and thermal  conductivity, 

We aBsume Fick ' s  Law f o r  the 

59 

where D , ,  is the binary diffusion coefficient. In general ,  calculations will  be 

made  for  specified Prandt l  and Lewis No.'s so that  t he re  is  no present  need fo r  

'J 
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explicit re la t ions for K and D . 
g i j  

Relations 37c, 48, 51, 54, 58 and 59 complete the description of the 

r a t e  processes .  

f inite rate chemistry in o r d e r  to  focus our  attention on the two-phase problem. 

The inclusion of chemical reactions requi res  s ta tements  for  the 

( R e f .  14). 

We have, for  the moment omitted a specific discussion of 

W:i ' 6  

W e  have mentioned under our discussion of evaporation rates that 

phase equilibrium may play an important ro le  in the mixing process .  

therefore ,  instruct ive to consider the relat ions which a r e  applicable in the 

limiting case  of multicomponent phase equilibrium. 

It is, 
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IV. MULTICOMPONENT PHASE EQUILIBRIUM: 

Classical  developments on multicomponent phase equilibrium may be 

found in Ref 's .  15, 16 and 17 .  W e  shall  l imit  the present  discussion to ideal 

mix tures  for  which the activity coefficients a r e  identically equal to unity. 

Fu r the r ,  we shall  assume the fugacites a r e  equal to the p re s su res .  The non- 

ideality of mixtures  as expressed  thru the activity coefficients and fugacit ies 

mus t  be determined by means  external to c lass ical  thermodynamics.  

quantities a r e  determined, in general, by experimental  means .  T h e r e  appear 

These  

to be no available resu l t s  for  the conditions of present  in te res t .  It should be 

noted, however, that the approximation regarding the fugacit ies is quite 

reasonable  by vir tue of the low p res su res  under consideration. 

Thus,  for  the ideal mixture composed of perfect  g a s e s  and condensed 

phases  we define a vaporization equilibrium constant given by: 

6 0  

where  the ba r  indicator - mole  fraction. The vaporization equilibrium constant, 

a function of t h s  mixture tempsra ture  for  given total prerrsure, Le .  Kf i  

where, 

R .  
P 

k4: - - - 6 1  

62 
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The total mo la r  concentration of a given species  is  defined by: 

and 

6 3  

and the bar indicates a mola r  deneity, where,  

The degree of vaporization for the mixture is given by: 

BO that  Eq. 63 m a y  be written: 

o r  with the  aid of Eq. 60;  

64 

65 

66  

67a 

67b 
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Thus,  Eq. 67a gives: 

and Eq. 67b gives:  

with the  aid of Eq's. 62, Eq. 68a and b may  be  combined to give 

E '  + ?  

68a 

6 8b 

69  

i k4i - I  d 

- 
Thus, i f  the  total  concentration ( Bi ) of each species  and the mixture  t empera tu re  

a r e  known the concentration dietribution of each specie8 is determined. 

degree  of vaporization is obtained thru Eq. 69 and the  gas-phase and condensed- 

The 

phaee concentrations a r e  obtained thru Eq. 68a and b, respectively.  F o r  

purpoeee of re ference  we have the additional re la t ions for  the total  m o l a r  

concentr ationr : 

70 
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where 

and 

In t e r m s  of total m a s s  fractions,  we have: 

where,  

71a 

7 lb 

72 

7 3  

This analysis  implies that each droplet in the condensed phase i s  a 

mixture  of all condensing species.  

equilibrium condensation o r  evaporation. Thus,  as previously mentioned in  the 

development of the conservation equations f o r  the individual condensed species ,  

This would also be t r u e  in  the c a s e  of non- 

the interpretat ion of these  equations mus t  be consistent with the manner  in  which 

condenrration and evaporation i a  considered to  take place. If each spec ies  i is 

conr idered  to  condenre into droplets of rpeciee i is then the reprerentat ion 

of the  conservation eqiiations f o r  the individual epecier r equ i r e s  no interpretation. 

If, on the other  hand, condensation and evaporation occur  in  accordance with the 

above equilibrium ca re ,  then there will exist  only one kind of droplet  composed 
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of all i condensing o r  evaporation species .  In this  case ,  the 3i condensed 

phase conservations a r e  replaced by 3 condensed phase equations for m a s s ,  

momentum and energy. 

The proper t ies  of the condensed phase will be given by: 

The re  will be a single droplet  velocity and tempera ture .  

e, = s yp; 
J I  - 

The evaporation r a t e  for  the condensed phase will be given by 

where 

7 4  

7 5  

76 

7 7  

Eq. 77 is requi red  for  the gas-phase spec ies  conservation equations. 

droplet  d rag  fo rce  and heat convection a r e  a lso represented  by single re la t ions.  

The 

I 
Specific ds ta i l r  of this diacussion depend on the par t icu lar  assumptions made 

with each ea130 under consideration. This  p i n t  is diecussed in the  f o l l o v h g  
I 
I appli cat ion. 
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V. APPLICATION TO CHEMICALLY FROZEN AXISYMMETRIC 

J E T  IN PHASE EQUILIBRIUM 

In o r d e r  to establish l imits regarding the presence  of a condensed 

phase we consider the flow to be in equilibrium. 

and velocity equilibrium is an assumption based on the condition that the 

condensed phase is  in the fo rm of a cloud of small droplets.  

smal l  then the heat convection and drag force  a r e  l a r g e  and the result ing 

t empera tu re  and velocity lags  will be small .  

par t ic les  is  an inherent condition in the equilibrium assumption. 

tension effects a r e  a lso neglected. 

ro le  in determining the degree of supersaturation which occurs  p r io r  to  

condensation. 

the nucleus s i ze  is of molecular  dimensions (ref. 12). 

equilibrium condensation decreases  exponentially with the inverse  of the 

droplet  radius ,  

gradients  which is character ie t ic  of the present  mixing process ,  the assumption 

regarding equilibrium condensation of air appears  to be a reasonable  first 

approximation for  the ma jo r  portion of the flow field. 

The existence of tempera ture  

If the droplets a r e  

Thus,  the presence of small  

Surface 

The surface tension plays the governing 

This  effect is primarily l imited to  the  nucleation p rocess  where 

Thie effect on the non- 

In the adsence of s eve re  s t reamwise  velocity and t empera tu re  

The phase equilibrium of hydrogen r equ i r e s  that the condensed 

fract ion f lash to  vapor on entering the atmosphere.  

ment  is perhaps  the limiting assumption in  the present  example par t icular ly  

at the higher condensed phase concentrations (up  to  .45 in  present  calculations). 

This  equilibrium requi re -  

In any case,  effects of the above assumptions on the flow field dec rease  

as  the  mass fract ion of condensed phase decreases .  

p resent  calculation as a guide to the m o r e  complex physical phenomena actually 

Thus,  we consider the 
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occuring and in te rpre t  the resu l t s  as  quantatively accurate  for  small mass 

fraction of condensed phase, and qualitatively descr ipt ive for  other  configurations. 

Governing Equations : 

In accordance with the above discussion, the governing equations 

27 th ru  33 reduce to  the following system for  the axisymmetr ic  j e t  Fig. 1 with 

gas  phase Prandt l  and Lewis No.’s all equal to unity. 

to be identical in form for  both laminar and turbulent flow with mean turbulent 

quantities replacing the i r  laminar counterp$arts , 

These  equations a r e  taken 

Global: 

Spe ci e s : 

Cont inui tv  : 

78 

Momentum: 

Energy: 

79 

80 

81 
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The appropriate boundary and initial conditions for a jet of radius  a a r e :  

for x = 0 , 0 -  c, 'c<a 

with the regularity condition applied along the je t  centerline.  

f o r  laminar  flow we have: 

= f i j  
and f o r  turbulent flow we have: 

k =  Crf'),, 
where c is the eddy viscosity coefficient. 

In virtue of the unity Prandtl and Lewis No. Is, similar i ty  in  the 

equations for  8 , u and H exists. Fu r the r ,  since the boundary conditions 

a r e  s imi l a r  the  system admits Crocco relatione for  H and the pi ' 8 ,  i. e. H 

and @ Thus, the problem redxcef3 

to  that of determining the solution for the  velocity distribution. This together 

with equations of atate and appropriate phara equilibrium rekition8 fully determine 

1 m 

m m 

are linearly dependent on the velocity, 3. i 
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the problem. 

The solution for  u i s  more readily handled in  a corresponding 

incompressible  plane. Following Ref. 18 we introduce the following s t ream 

function : 

P,ur = rcue P 'u, 

-P-vr- + I  = f e u c  +kM. 

Introducing Von Mises  tranformation, i. e. x, r + x, 9 

where,  

30 

and applying a modified Oseen approximation in  form,  

where the additional transformation 

f X  A 

is introduced, the momentum equation becomes: 

82 

8 3  

84 

85 

86 

. 
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where,  

87 

Following Libby (Ref .  14), for  laminar  flow the approximation function 

f (x) is evaluztec! aim- the  ;of centerline yielding the inverse  transfc?rrr?ation: 

r f J"'  
5 

F o r  turbulent flow a model suitable under present  conditions is:* 

where r is the "half radius" defined by: 
12 

and n is the Prsndt l  mixing length constant. 

The inverse  transformation then becomes:  

88 

89 

90 

9 1  

* Note: This  model doeu not predict reasonable r e su l t s  under o ther  conditions: 
F o r  example,  ca ses  where U = 1. However, the modified eddy viscosity 
model  applied in Ref .  4 is not suitable under present  conditions. j 
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The initial and boundary conditions on the momentum equation become: 
, o c  Y J < %  

wC0,vl) = -u; J 

and 

With the regular i ty  condition applied along the jet centerline, \t = 0. 

The solution of the momentum equation is given by the  offset c i rcu lar  

probability function P; 

Jo 

which h a s  been tabulated in Ref. 19. 

In o r d e r  to  perform the inverse t ransformations to the  physical plane 

(Eq. 8 3  and 88 of 9 l ) ,  the thermodynamic propert ies  must  b e  determined. 

stagnation enthalpy is given by: 

The 

9 3  
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and the  total  spec ies  concentrations are given by: 

PI+, = 
1 -  v;. 

The Equation of State is given by: 

where,  

The stagnation enthalpy is given by: 

94  

95 

96 

97 
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where,  

and 

98 

99 

The equilibrium conditiOns used in the present  calculation will be an approxima- 

tion to the r e su l t s  presented in  section IV. W e  shall consider the par t ia l  

p r e s s u r e  of a spec ies  in two phases to be equal t o  the saturat ion p r e s s u r e  

corresponding to the existing temperature .  

species  condensed. 

This  is exact when only one of the 

However, the e r r o r  is small in vir tue of the  s teep  slope of 

the vapor-pressure  curves .  That is, the range of t empera tu re  over  which two 

phases  of each spec ies  exist in comparable proportions is extremely narrow. 

This ,  coupled with the  close similari ty between Oxygen and Nitrogen justif ies 

the aasumption. 

Thus we have: 

Nitrog en : 

Oxygen: 

100 

101 
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where,  Eq. 100 is given in Ref. 20 and Eq. 101 is a curve  f i t  of da ta  given 

in Ref. 21. 

Relations 94 th ru  101 fully determine the nature  of the flow field in  the 

velocity plane and supply the required thermodynamic var iables  fo r  the t r a n s -  

formation to  physical coordinates via Eq. : B  83, 88 o r  91 and the viscosity 

relation, Eq. 5 5 .  

Method of Solution in the Velocity Plane 

The aolution in the velocity plane can be c a r r i e d  out for the  

following given data:  

(a) Altitude 

(b) Hydrogen tank conditions with an isentropic  expansion to  

a tmospheric  conditions 

(c)  Vehicle t ra jec tory  i. e. ue vs  Altitude 

Now, for  each velocity ratio U < U < 1 the  computations proceed 
j 

in  the following manner:  

(1) Assume T 

(2) Assume 0 and N exist in two phases  so that  P g and P g 
2 2 N2 0 2  

a r e  determined by Eq. ' s  100 and 101 respectively.  

(3)  PH is determined by: 
2 
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(4) f3 g and /3 g are determined by Eq.'s 9 3 ,  i .e .  
0 2  N2 

and 

then assumption (2)  for  0 is valid. 2 ( 5 )  (a) if 8, g 
PO2 2 

2 '  Similarly fo r  N 

(b) if Bo2 g ' 802 then assumption (2) is incor rec t  and we 

take all O2 in  the  gas  phase. 

With (1) and the resul ts  of (4) and ( 5 ) ,  the  stagnation enthalpy 

Similarly for  N2 . 
(6) 

mus t  be checked. 

jus t  been determined. 

stagnation enthalpy relation is  satisfied. 

t empera tu re  is assumed,  step ( l ) ,  and the computations are repeated. 

This  procedure i 6  ca r r i ed  out for  each velocity ra t io  U in the mnge 

U. < U < 1 corresponding to each set of given date .  

carr ied out for the  following given data:  

In Eq. 97 Hm and u a r e  knwon and the  B . ' s  have 
1 

Thus, with (1)  we can determine whether the 

If it is not satisfied,  a new 

Calculations were  
J 
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U. 

Hj F. 6. S. F . P . S .  617gm C a l / g m  
H m 

pe Te Altitude 
(KM) ATM (OK) 

60 0.000252 254 7 330 6 5 :- 175 2785 

40 0.00298 26 1 4990 340 175 246 0 

20 0.0545 2 16 2420 117 175 1880 

Additional quantities which were  taken as constants in  the calculations a r e :  

e = 0.232 Hydrogen fuel tank: 
Tt = 20.0 OK sat. 

a = 1 inch 
= 0-768 

cal. * 57 - 
N2 gm 

L 

Thermodynamic propert ies  used in the calculations a r e  given in  Ref. ‘ a ~  20 and 2 1. 



41 I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

V I .  DISCUSSION 

The description of the phenomena result ing f rom the dumping of 

cryogenic hydrogen into the atmosphere requi res  a departure  f rom the usual 

oAe-dimensional pipe flow models found in the l i t e ra ture  for  treating two-phase 

f lows.  The c l a s s  of problems of interest  depend on mixing for  their  description 

and therefore  requi re  a multidimensional analysis .  

involves the mixing into air of cryogenic hydrogen with a normal  boiling point 

substantially lower than the air we will, in genera l ,  encounter small  condensed 

phase mass f rac t ions .  

will form a dilute suspension in the gas phase.  

developed fo r  treating the flow of a dilute suspension of condensing and evapora-  

Since the present  problem 

Thus,  in such a mixing p r o c e s s ,  the condensed phase 

In the present  work a model is  

ting components. 

f o r  i n  t e r m s  of appropriate  momentum and energy interaction pa rame te r s .  

Evaporation and condensation i s  accounted for in t e r m s  of appropriate mass 

t r a n s f e r  and the associated momentum and energy t r ans fe r  pa rame te r s .  In 

addition to  these inter-phase t ransfers  we have g a s  phase viscosity,  t he rma l  

conductivity, and diffusion of the gas phase components. The description of 

the inter-phase t ranpor t  phenomena poses a substantial  problem in i tself .  

The re  is  a general  lack of fundamental constitutive relations to account for  the 

simultaneoue occurrence  of the above discussed inter-phase r a t e  p rocesses  

This  i a  par t icular ly  t rue  of the nucleation and condensation processes  at the 

low t empera ture8  of cur ren t  interest .  In any case ,  this  a r e a  requi res  much 

additional work. 

which in general  will be qualitatively valid and in  cer ta in  limiting cases  will 

Velocity and temperature  lags  between the phases a r e  accounted 

Thus, i t  ie  neceesary to adopt a semiempir ica l  approach 
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provide quantitatively valid r e su l t s .  

In the present  numerical  example the boundary conditions a r e  such 

:hat the flow will be chemically frozen. 

of r a t e  chemistry and permi ts  this  preliminary analysis  to  focus on mult i -phase 

effects.  

This removes the added complication 

In par t icu lar ,  the analysis and numerical  r e su l t s  for a diffusion con- 

t rol led axisymmetr ic  je t  a r e  presented. F ig ' s .  i th ru  4j show the j e t  

geometry and the distributions of the pertinent var iab les ]  respectively.  F i g .  1 

i s  a schematic  representat ion of the axisymmetr ic  j e t  showing the inner cone 

composed essentially of undisturbed two-phase hydrogen. 

cone boundary, the hydrogen flashes to vapor in accordance with the equilibrium 

assumption. 

of mixture  mass fractions of condensed phase and gas  phase components. 

addition, t empera ture  and velocity distributions a r e  presented.  

a r e  f o r  the altitudes of 20, 40 and 60 K M .  

charac te r i s t ic  of all altitude determinations.  

condensed until cer ta in  radial  and axial positions a r e  attained. 

t h e r e  is  a rapid spacewise transit ion f rom solid to vapor accompanied by a 

plateau o r  an actual dec rease  in  tempera ture .  

to the  l a rge  r a t e  of increaee  in saturation p r e s s u r e  with tempera ture .  

a point is reached where the local preesure  and mixture  concentrations cannot 

support  the condensed phase,  The energy requi red  for  the evaporation is de-  

r ived f r o m  the gas phase and consequently inhibits a tempera ture  incraaae  iii 

thie t ransi t ion zone. 

within which two phases exis t .  

In crossing the 

The remaining figures show the radial  and axial distributions 

In 

These resu l t s  

There  a r e  some general  features  

W e  note that  the air is completely 

At these points 

The rapid p h a s e  change i s  due 

Thus,  

A feature  of considerable in t e re s t  is the s t reamwise  extent 

The two limiting cases  of laminar  and fully 
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developed turbulent flows have been t reated and provided the maximum and 

rrinimum "two-phase lengths", respectively. The long lengths in the laminar  

f!cw a r e  attr ibuted to the low viscosities associated with the low tempera tures .  

The turbulent model used in the present case  provides an eddy viscosity based 

s t r ic t ly  on dynamic quantit ies,  i .  e .  on the velocity difference between the axis 

and free stream. 

laminar  to turbulent two-phase lengths on the axis. 

o rde r  of 100/1.  

to which turbulence has  developed. 

present problem two-phase lengths on the o r d e r  of hundreds of feet can be 

expected . 

This could accouiit fo r  t h e  l a rge  h-' !GOO/ 1 r a t i ~  fer 

W e  expect ra t ios  of the 

In any case ,  the actual two-phase lengths depend on the degree 

Thus, we can only est imate  that for the 

Regarding effects on ignition and combustion of hydrogen we note 

that two-phase flow does not exist  above T ?5O0k. At tempera tures  of this  

magnitude, we cannot expect any chemical activity. This implies  that even 

f o r  appropr ia te (h igh  tempera ture)  free e t ream conditions , the  existence of 

two-phase flow provides an additional ignition t ime delay fac tor .  

ignition occur s  re-evaporation must  take place where tempera ture  r i s e s  a r e  

inhibited. 

That i s ,  before 

This is character is t ic  of ignition delay. 

It has been pointed out that the equilibrium assumption applied to 

the hydrogen i s  perhape the limiting assumption in the present  je t  problem. 

o r d e r  t o  aeeea this  assumption a "partial equilibrium'' analysis  is current ly  

In 

l..-J-.., U G ~ ~ ~ ~  prograxmed fer digital c=rr:put&ion. In particii!ar two-phase hydrogen 

i e  injected into an air e t ream where it assumed that the air condenses in 
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equilibrium. On the otherhand, the condensed hydrogen par t ic les  a r e  allowed 

to  evaporate according to an appropriate r a t e  law. Included in this  work will 

be the effects of smal l  par t ic le  evaporation and condensation in ra ref ied  

atmospheres  pertinent to the high altitude range of present  interest .  In o r d e r  

to provide an insight into the effect of finite rate evaporation the limiting case  

of z e r o  interphase m a s s  t ransfer  i s  shown in F i g .  5 . The details  of the  

partial  equilibrium analysis will be available under separa te  cover at  a la te r  

da te ,  

I 
I 
I 
I 
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